Abstract. We construct the (1; p)-Sobolev spaces and energy functionals over L p -maps between metric spaces for p 1 under the condition so-called strong measure contraction property of BishopGromov type. Under this property, we also prove the existence of energy measures, and the weak Poincar e inequality, which extends some parts of the results in Korevaar-Schoen and Sturm.
Introduction
Consider two metric spaces (X; d ) and (X 0 ; d 0 ). The basic question is as follows: How to construct p-energy functionals and (1; p)-Sobolev spaces over L p -maps between them for p 1? When the both spaces are smooth Riemannian manifolds, it is well-known that the canonical energy functional and Sobolev spaces can be de ned. constructed Sobolev spaces and energies of maps from relatively compact open domain in a smooth complete Riemannian manifold to a complete metric space and presented the harmonic maps as a boundary value problem if the target space has a nonpositive curvature in the sense of Alexandrov and they continued their works and showed the global existence of hamonic maps in KS97]. In KS93], they introduced approximating energies and energy densities and proved the subpartitional lemma to establish Sobolev spaces and energies of maps. Gregori Gre98] extended their result to the case of relatively compact open domain of Lipschitz submanifold embedded in an Euclidean space and proved a modi ed subpartitional lemma for approximating energies in the case of p > 1. Recently, Sturm Stu98a] has given a su cient condition on (X; d ) for the existence of strongly local regular Dirichlet(energy) forms on L 2 (X; m) when the target space X 0 is R (He also refers to the case for general target space X 0 in pp. 43 of Stu98a]). He named this condition the strong measure contraction property (SMCP for short) and it can be thought as a related notion of bounded curvature. Under the SMCP (with exceptional set), he also proved the weak Poincar e inequality and the doubling condition on volume of balls, which yield the existence of locally H older continuous heat kernels on X and its Gaussian estimation.
Meanwhile, Sturm Stu97, Stu98b] gave a probabilistic construction of energies and their domains by monotone approximation of energies under the condition that the target space has nonnegative curvature in the sense of Alexandrov. This condition is rather restrictive in order to consider the construction of harmonic maps, because the construction of harmonic maps with target space of nonpositive curvature seems more signi cant (cf. GS92]).
On the other hand, Kuwae, Machigashira and Shioya KMS98b, KMS98a] construct Sobolev spaces and canonincal Dirichlet forms on Alexandrov spaces for target space R. An Alexandrov space is de ned to be a locally compact complete intrinsic metric space with the notion of curvature bounded below and of the nite Hausdor dimension. The study of Alexandrov spaces is involved with that of the Gromov-Hausdor convergence of Riemannian manifolds under a lower sectional curvature bound, and grows in signi cance nowadays. Owing to Burago-GromovPerelman BGP92], every Alexandrov space consists of a Lipschitz manifold by deleting a singular set and according to , it admits a natural a.e. continuous Riemannian metric. In general, without deleting the singular set, Alexandrov spaces are not topological manifolds any longer. There are many examples of Alexandrov spaces which are not contained in the class of Lipschitz Riemannian manifolds, for instance, complete Riemannian orbifolds of sectional curvature bounded below and the quotient of a closed Riemannian manifold by a (not necessarily discrete nor free) isometric group action and so on (cf. BGP92]). In the analysis of Sobolev spaces on Alexandrov space for target R in KMS98b] , the Bishop and Bishop-Gromov inequalities play an important role and assure the weak Poincar e inequality and the doubling condition of volume of balls and we suspect that they are enough to construct Sobolev spaces and the energies for general target X 0 . By this reason, we extend the property that these inequalities hold for metric spaces with measure, and name it the strong measure contraction property of Bishop-Gromov type (SMCPBG for short). This can be considered as a generalized notion of Ricci curvature bounded below. Note that Alexandrov spaces admit the SMCPBG.
The rst purpose of the present paper is to construct energy functionals and Sobolev spaces over L p -maps from (not necessarily relatively compact) open set of X to a complete metric space X 0 under the SM-CPBG. The second one is to give the existence of the energy measures for the element of the Sobolev space and related weak Poincar e inequality. Our result is an extension of some parts of KS93], Stu98a]. We proved in KS99] that the SMCP in the sense of Stu98a] fails in the framework of Alexandrov spaces, i.e., the results of Stu98a] do not cover the framework of Alexandrov spaces. On the other hand, our setting does not cover that of Gre98] , because Lipschitz Riemannian manifolds contain examples which do not admit a lower bound of curvature. However, the framework of Alexandrov spaces is not included in KS93] , Stu98a], nor in Gre98] as noted before.
We have the Sobolev spaces under the SMCPBG, which enables us to consider the existence and uniqueness problems of minimizer (i.e., harmonic map) of energy over L 2 -maps under some geometric conditions (cf. KS93, KS97] ). The weak Poincar e inequality and the doubling condition of volume of balls assure the regularity result on such minimizer of energy (cf. Jos94, Jos97a, Jos97b, Jos96, Jos98]), but in this present paper we do not discuss this topic which will be seen in another article.
The organization of this paper is as follows: In Section 2, we present the notions of the WMCPBG and the SMCPBG and examples. In Section 3, we introduce the mapping spaces and give the approximating energies between (X; d) and (X 0 ; d 0 ). In Section 4, we show that the approximating energies satisfy the subpartitional lemma, so that the Sobolev spaces and desired energy functionals are established. In Section 5, we show the existence of energy measure for the element of the Sobolev space and present a weak Poincar e inequality and a doubling condition of volume of balls. In Section 6, we expose some compact embedding results on Sobolev spaces for taget R, which are slightly stronger than what are proved in KMS98b] in the case of Alexandrov spaces. In the last section, we show that our construction of Sobolev spaces is compatible with the Sobolev spaces on any open sets of Alexandrov spaces constructed in KMS98b] for target R. We also con rm that the same compatibility holds in the case of smooth Riemannian manifolds, which extends the compatibility result of KS93].
We will announce the next result: Consider the measured GromovHausdor limit of a sequence of n-dimensional Riemannian manifolds with Ricci curvature bounded below by (n ? 1) , volume bounded below by v > 0, and diameter bounded above by D > 0, where n; ; D; v are any xed constants. It is not clear that the limit possesses the SMCPBG in our sense, because we do not know if t can be chosen to be measurable (see De nition 2.1 below). However, we can prove the subpartitional lemma for the approximating energies, which assures the construction of Sobolev spaces on the limit space for general target (X 0 ; d 0 ). Our approach is di erent from those in CC97], CC99a] and CC99b]. In CC99b], they prove that the Gromov-Hausdor limit space of a sequence of n-dimensional Riemannian manifolds with Ricci curvature bounded below by (n ? 1) and diameter bounded above by D > 0 possesses the structure of recti able varifolds, which ensures the existence of canonical Dirichlet form on it. But they do not construct energy functional for metric space target.
Measure contraction property of Bishop-Gromov type
Let (X; d ) be a locally compact separable metric space and m a positive Radon measure on X with full topological support. For a subset A of X (resp. B of X X), we de ne the indicator function I A on X (resp. I B on X X) as follows: I A (x) := 1 if x 2 A, I A (x) := 0 if x = 2 A (resp. I B (x; y) := 1 if (x; y) 2 B, I B (x; y) = 0 if (x; y) = 2 B). We set B r (x) := fy 2 X j d(x; y) < rg, the open ball with center x 2 X and radius r > 0 and B r (x):=fy 2 X j 0 < d(x; y) < rg. Lemma 2.1. For each r > 0, the function X 3 x 7 ! m(B r (x)) 2 0; 1] is lower semi continuous.
Proof. Suppose that a sequence fx k g k 1 X converges to x 2 X. Then Here t (x; A) is the image of A with respect to the map t (x; ). t (x; A) may not be m-measurable. In this case m can be understood as an outer measure generated by the given one. The function b appeared in the above de nition is said to be an admissible rate function.
We say that (X; d; m) possesses the WMCPBG in the global sense with exceptional set Z if and only if there exist an admissible rate function b and an m-null closed set Z X such that there are positive nite constants R := R(Z); := (Z) 1 and # := #(Z) 1, and m mmeasurable maps t = Z t : X X ! X for all t 2 0; 1] with the properties:
(i') For m-a.e. x; y 2 X with d(x; y) < R and all s; t 2 0; 1], (2.1) and (2.2) hold.
(ii') For all positive r < R, m-a.e. x 2 X, all m-measurable A B r (x) and all t 2 0; 1], (2.3) and (2.4) hold.
(iii') There exists > 0 such that (2.5) holds. If we can take Z = ; in the de nitions of MCPBG's, we say that the MCPBG without exceptional set holds.
Remark 2.1. In the case of MCPBG's in the global sense without exceptional set, the notion of Q(Y ) in (2.6) is not needed. Let X be the n-dimensional Euclidean space R n and a(x) := (a i;j (x)) n i;j=1 a uniformly elliptic, symmetric matrix on R n , n 2 N, with bounded continuous coe cients. Namely, x 7 ! a i;j (x) is a bounded continuous function on R n for each i; j 2 f1; 2; ng and a(x) = (a i;j (x)) n i;j=1 is a symmetric matrix for each x 2 R n satisfying ?1 j j 2 ha(x) ; i R n j j 2 (2.7)
for every x; 2 R n with some constant > 0. Here h ; i R n stands for the Euclidean inner product over R n . Let c be a bounded continuous function on R n with ?1 c(x)
for every x 2 R n with some constant > 0. In what follows, we assume the completeness of (X 0 ; d 0 ). We prepare two variant approximating p-energy functionals. 
The next lemma is essentially shown in Stu98a]. We omit its proof. 
The domains of the above are similarly de ned as in De nition 3.2. 
Proof. The proof follows the argument of Lemma 3.1 in Stu98a]. We omit it. Proof. The proof of the rst part is similar to the proof of Lemma 5.4 in Stu98a]. We only show the second part. Take 0 < r < r 0 < R and set a R := sup x2G ! G ('; R)(x), the modulus of continuity of ' on G. According Proof. The proofs of (i) and (ii) are easy. We omit it. This completes the proof.
Here after, we assume the SMCPBG with the exceptional set Z and an admissible rate function b under d r (x; y) r, or d r (x; y) d(x; y). Then by letting " I G , r ! 0, and Y " G, we get (7.5) for ' = I G .
Thus we obtain the assertion for the case that G is relatively compact and ' 2 C + 0 (G).
Next we prove the converse for general G and ' 2 C Proof. First we observe that M n S is a Lipschitz Riemannian manifold with a C 0 -Riemannian metric tensor g and the volume element with respect to g on M n S coincides with H n for su ciently small 0 < 1=n (cf. OS94]). In particular, for such > 0, M n S admits a countable family of local charts f(U ; ' )g 2A which consists of ( )-almost isometries ' : U ! ' (U ) by OS94]. Here (t) is a function which satis es lim t!0 (t) = 0. We x such (1=n ) > 0. Note that m(S ) = H n (S ) = 0. We get (7.6) for u 2 C Lip 0 (G) in the same way as in the proof of Lemma 7.1. Also, the same manner of the proof of According to Corollary 4.2, we obtain the result. This completes the proof.
